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Introduction into the Extra Geometry of the Three-
Dimensional Space I

I. Szalay and B. Szalay

Abstract—Using the theory of exploded numbers by the
axiom — systems of real numbers and Euclidean geometry, we
introduce concept of extra - plane of the three — dimensional
space. The extra-planes are visible subsets of super— planes
which are exploded Euclidean planes. We investigate the main
properties of extra-planes. We prove more similar properties
of Euclidean planes and extra—planes, but with respect to the
parallelism there is an essential difference among them.

Index Terms—Exploded and Compressed Numbers, Super
Plane, Extra Plane, Border Lines, Extra Parallelism

I. INTRODUCTION

We imagine our universe as the familiar three

dimensional Euclidean space

—0<x < oo
R3 =4P = (x,v,2)|{—0 <y < ooy,
—0 < z< oo

with its well-known apparatus of the ordered field (R, <
,+, -) of real numbers and the vector-algebra of R3.
Apparatus of exploded and compressed numbers (see [1],
Chapter 2) is used, too, especially important is the concept
of box-phenomenon. (See [1], Chapter 6. point 6.3 or [2],
(8).) Other postulates, requirements, definitions, identities
of explosion and compression are collected in the Part | of
[2]. The idea of extra—line and extra-plane was alrady
introduced in [1]. (See [1], Chapter 7, points 7.1 and 7.2).
An important characterization of the extra-line was
mentioned earlier (See [3], Theorem 1.10.) Moreover [2]
contains the characterization of extra — lines and the extra -
collinearity ( see Properties 1, 2 and 3) and the main results
for extra — parallelism of extra—lines. (See the Properties 4,
5 and 6.) The present article is a continuation of the
foundation of extra geometry so, we continue Parts I, Il and
I with formulas (1) - (38), Fig. 1-3, Properties 1-6,
Examples 1 and 1* and Definition 1 (concept of extra
parallelism for extra-lines) to be found in the [2].

Il. THE CHARACTERIZATION OF EXTRA PLANES

The points P = (x, y, z) of the Euclidean planes S,y are
described by the vector-equation

P=Py+t-E+s-F ,(ts)€ER?, @
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where the point P, = (x,v,,2,) € R® and vectors E =
(exey.e,) and F =(f.f,.f,) € R® are given such that
their norm [|E|l =1 =||F|l and inner product E - F = 0.
The vectorial product

N = (eyfz —e fx e fx —exfy texfy - eyfx)'
Clearly, |IN||=1. Having that N-E=0= N-F the

equation (1) yields

N-P=N-P, )

Hence, we get another equation for

SpynTy "X+ 1Ny Yy + 1,0 Z =1y X + Ny, Yo + 1,0 Z(3)

where n, =e,f, —e,f, , n, =e,f, —e.f, and

exfy - eyfx .
Finally, by (1) we can write

n, =

x =xy +te, +sf,

Spon = (x,y,2) € R}|{Y =Y, ttey +5f ; (t,5) €
z =12y +te, +sf,

R?; N = E x F (vectorial product) 4)

Similarly to the Parts I, 1l and I1l, we use the parameter
o = 1, so the explosion and compression is denoted without
0. The set Sy is called super—plane. (See (5) in Part | of
[2]) The super—planes are situated in the Multiverse.
Denoting that P = P and using that u = ¥, v=y,w =2 ,
by (41) we can write

Spyn ={fP = (u,v,w) E]I\R/3|nx-g+ny-y+nz-m=
nx-x0+ny-y0+nz-zo} 5)
where P, = (x,v0,2,) € R® is a given point and the
(normal vector) N = (n,,n,,n,) €R® with |IN|] =1.
Clearlyv Pg = ()\CE' %;ZT)) € SPO;N'

It is known that the equation

Ax+B-y+C-z=D ; AB,C,DER and A =
B = C = 0 is not allowed (6)

represents an Euclidean plane. So, the equation
(ACWB(BOV)B(cOW)=D @)

where A,B,C,D € R and A =B = C = 0 is not allowed,
represents a super-plane. (Super-operations were defined in
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Part 1. See Postulates of super-addition and super-
multiplication.)

If Py eR® (& Py € R3 see(7)inPartlof[2].) then the
joint part of the Euclidean plane represented by (6) and the

closed cube (R?) may be a polygon, namely: hexagon,
pentagon, square or triangle. In these cases, the super- plane
represented by (7) is called as hexagonal-, pentagonal-,
quadragonal- and triangonal super—plane, respectively. For
example, if we have the Euclidean plane represented by the
equation

x+y—-z=0 ; x,y,z€R (8)

the joint part is a (regular) hexagon

Fig.1

Definition 2. Let us denote P, = P, and assume that
Py € R®. The set Sp = Spyn NR® , where V' = N (see

the vectorial product after (1)) depending on Sp .y N (R3) ,
is called as hexagonal-, pentagonal-, quadragonal-,
triangonal-extra—plane. The super-plane S‘P;TN is named as
the holder of extra —plane Sz ®

Clearly the extra — plane is the visible part (in our
universe) of its holder. Moreover, the border of extra — plane
is already invisible in our universe. (See the Fig. 1. The
border of haxagon is outside of R3.) By (3) and Definition 1
we have

Syo',N={?=(u,v,w)€R3|nx-g+ny-y+nz-m=

nx-@+ny-@+nz-ﬂ} 9)

where P, = (uy,v9,w,) € R? is a given point and V' =

(%, 7,,7,) ER® such that /nZ+nZ+nZ=1 As
u, v and w are real numbers, using (2) in [2] with o =1
(see [2], Part 1.) by (9) we can see, that the extra plane Spo

is represented by the equation

n, -tanhu +n, -tanhv + n, - tanhw = d (10)
where (n,,n,,n,) € R® such that \/nZ +nZ +nZ =1 and
d =n,uy +n, v, +n, w, isareal number.

Example 1. Considering the equation (10) we may choose

P, =0=(0,0,0) and n, =n, n, =— This

=ty = =
means that Nz((\/%)(\/%)(—\%» and (10) vyields

tanhu + tanhv —tanhw =0, (u, v,w) € R3.
Hence, the extra-plane Sy , is represented by the

equation w = tanh~!(tanhu +
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tanh v) ;—1 <tanhu + tanhv < 1land has the next
graph which shows a hexagonal extra — plane

Fig. 2

Of course, the border-curve of this hexagonal extra —
plane Sz, 5 is invisible in R*. On the other hand we are
able to show it by piece by piece. For example, in the
,depth” w = (=1) and the ,height” w = 1 the holder of
Spo description (5) gives the equations

v=—tanh (1 + tanhu) ;u<0

and
v = tanh™ (1 — tanh w) cu >0,

representing ,,level — curves”. Their projections are seen in
the ,,u,v” coordinate — plane of R3::
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Fig. 3

Example 2. Let us consider the Euclideans plane
described by the equation.

4x+4y—-7z+1=0.

(Considering (2) - (44) we may choose P, = (0,0, %) and

4 4

v=(55
Spo, v 1

—g).) By (10) , the equation of the extra — plane
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4 4 1
7tanhu +7tanhv —tanhw = —7 (u,v,w) € R3,

where P, = (0,0, G)) and v = (@@(\—/Q) Hence,

(4 4 1
w = tanh (itanhu+—tanhv+;) ;o (uv)

7
3
€ R?and tanhu + tanhv < 3

The joint part of the Euclidean plane and (R3) is a
pentagon having the peak — points

(-1,-1,-1) , (1,—1,3) , (1,%,1) , (;,1,1) and
(-113)

so the extra- plane Sy, 5 is a pentagonal extra - plane

Fig. 4

The Fig. 4 makes perceptible the invisble border of Spo
is a super — pentagon with the peak-points

(D.ED.ED).(LEDE) L (16)1)
(()11)and(( 1)1())

Looking for the ,level — curve” of Sp,,w in the ,.depth”
w = (—1) by (47) we can prove that necessarily u + v =
—2. Considering that the point (u,v) € (R?) (closed
square) the solution u=-landv = -1, only. This
proves, that the ,level — curve” is the point

(D), (=D, (-1D) ), merely.

Example 3. Let us consider the extra — plane Sy 5 with

Py =(1.1,0) and IV = (@@0) Now, (9) and (10)

yield the equation

tanhu + tanhv = 2tanh1 © u®v =201 ;W v)
€ R?
Hence,
v = tanh™(2 tanh 1 —tanh u) DU

>tanh™'(2tanh1—1) = 0.6

so, the extra — plane Sp, - has the graph

DOI: http://dx.doi.org/10.24018/ejers.2020.5.8.2016

EJERS, European Journal of Engineering Research and Science

Fig.5

The Fig, 5 makes perceptible the invisible border of
Spo, is a super — rectangle with the peak-points

(tanh~*(2tanh1—1),1,(=1) ), (1, tanh~*(2tanh 1 —
1), (—\_1’)), (1, tanh~*(2tanh 1 —1),1) and
(tanh™*(2tanh1-1),1,1)

S0, 8p, - is an extra — quadragonal extra — plane.
Example 4. Let us consider the extra — plane Sy 5 (see

@ win 7= (@@@) and
((%) (%)(%)) Now, (48) has the form

tanhu + tanhv + tanhw = 2 ; (u,v,w) € R3.

N =

Hence, w = tanh™!(2 — tanhu — tanhv) ;
R? and 1 < tanhu + tanhv.

Moreover, By (5) we can see that the super — plane
containing the extra — plane 5330 » has the equation

111
BB

(u,v) €

v =— (u,v,w)ell\(3

\/— ;

Hence, the border of the extra — plane Sy 5
triangle, determined by the peak points

is a super —

(1L,1,0); (10,1 ; (0,11).

So, the extra — plane Sp 5 is a triangular extra — plane,
perceived by the following Fig. 6.

|
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I1l. CONSEQUENCES OF THE EUCLIDEAN GEOMETRY OF THE
MULTIVERSE ON THE PROPERTIES OF EXTRA-PLANES

If three or more points fall into an extra-plane (or super-
plane) they are called extra- (or super-) complanar points.
Clearly, extra-complanar points are super-complanar points,
too. The Eucledian geometry of Multiverse R3 partly
covered in [1], Chapter 6, Sectiones 6.4 and 6.5. Here we
have put together a more complete

Collection .1.

a) For any two points, the two points are super —
collinear. (See [1], Theorem 6.4.15.)
b) If two super — lines contain the same two distinct
points, then the two super — lines are equal.
c) Every super — lines contain at least two distinct points.
d) For any three points, the three points are super —
coplanar. (See [1], Theorem 6.5.16.)
e) If two super — planes each contain the same three non-
extra-collinear points, then the two super- planes are
equal.
f) Every super-planes are non-empty.
g) The non-empty junction of two super — planes contain
at least two distinct points.
h) If the super — plane contains two distinct points, then it
includes the super — line that contains them.
i) Multiverse contains four non super — coplanar points.
Theorem 1. Let be P, =(u,v,w),P,=
(uy, vy, w,) and , P; = (us,v3,ws) distinc  points  of
Multiverse such that they are non super — collinear and if

(i) all of them are in the universe R3
or

(ii) one of them is in the universe R and the another two
points are situated on its border,

or

(iii) two of them are in the universe R3 and the third point
is situated on the border of R3

or

(iv) all of them are situated on the border of the universe
R3 such that these points do not situated on the same
super — plane of the border,

then the box — phenomenon of the of the super - plane
determined by the equation

=0 ,wv,w)eE R?, (11)

EEEE

[XNIN)

1
11
21
31

NS
511512

gives an unambiguously determined extra — plane such that
the super — plane contains the points P,, P, and P5.

Proof. First, we remark that P, , P, and P; are situated in
R3 and they are non — collinear. (In the opposite case for the

-P. P3—Pq
vectors B, = 122 and E, = == we have that E, =
72 [

E, or E; = —E, and by (12) - (14) (seen in [2]) we get that
the points P,, P, and P;.are super — collinear.)

Second, we consider the Euclidean plane

,(x,y,2) ER®, (12)
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which by Axioms of Euclidean geometry is unambiguously
determined and contains the points 7; , 7, and ;.

Third, we use that tha mapping between the points
(x,y,2z) and (%,y,Z) is simultaneosly unambiguous so,
using the nominations u = ¥,v =y and w = Z by (12) we
have that the equation (11) determines a super — plane which
contains the points P,, P, and P;.

Finally, we observes that in the the cases (i) — (iv) this
super — plane and the our universe has a joint part, so, the
points (u,v,w) € R3 satisfying the equation (12) form an
extra —plane. m

Remark 1. The reduced (11) is the best description of
extra — planes by the equation

tanhu tanhv tanhw 1
uy V1 wy 1) _ 3
Z Z ‘4;1_0 v(u;v;W)ERv
(13)
where P = (ug,v,wy) , Py = (Uy, v5,w,) and , Py =

(u3,v5,w3) are situated on the border of the universe R3
such that these points do not situated on the same super —
plane of the border. (See Theorem 1, the case (iv).)

Exercise 1. Let us give the equation of extra—plane having

the peak-points P=(D),CED, D)), =

(i, (=D, (%)),3?3: ((—1), i, (%)) Has it other peak—points,
yet?

Solution. Fist we ascertain that the points P,, P, and P,
are situated on the border of the universe R3 but they are not
on same super — plane of the border. (The points P, =

(1), (-1D,(-1)) and P, = <i, (:_1/)@» are on the

super — plane characterized by v = (—1) but the point P, is
not there.) Second, we use the equation (51)

tanhu tanhv tanhw 1
-1 -1 -1 1
1 -1 1/7 1
-1 1 1/7 1

=0

Using the Sarrus — rule

tanhu tanhv tanhw1
- - -1 1
4 I1 45 i = (tanhu)- ( ) (tanhv) - ( )
-1 1 1/7 1

(tanhw) - 4 — g

equation 4tanhu 4+ 4tanhv—7tanhw+1=0 is
obtained. Returning to the Example 3 our extra — plane is
just found there.

We may believe, that by the given points P,, P, and P,
the requested extra — plane seems to be a triangular extra —
plane, but the Example 2 says that it is pentagonal.
Considering (11) we have the equation of the super—plane
containing the requested extra plane

v w1
-1 -1-11
1 -1 1/71
-11 1/71

Having points P, = <i, @i) and P = <®i i) we

can controll that the latter equation fulfils, so the requested

=0 ,(u,v,w)E€ R3
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extra — plane has five peak—points.
2017.08.02. 5:17.5zI

Theorem 1 and Collection 1 with Property 3 (see in [2],
(29)) yield

Corollary 1. Let be Py = (uy v w,) € R3,B; =
(uqg, v, wy) and , B, = (u,,v,,w;) be distinc and non
super- collinear points of the Multiverse. Moreover, let be
the points B, and B, on the border of our universe such that
they are not situated on the same super — plane of border.
Then these three points determine an extra — plane such that
the extra—plane contains the point P, and the extra-line
L& g,y (Inshort LEZTS ) = L(B,, B, [.) .
Exercise 2. Let us give the equation of extra—plane having
the peak-points B, = ((-1),1,0),B, = (1,(~=1),0) and

the point P,= (G) , (1) , G)) of our universe. Let us prove

mIstennek Hala,

4
that this extra-plane contains the extra—line L(]B,, B,[).
Solution. Fist we ascertain that the points B, and B, are
situated on the border of the universe R but they are not on
same super — plane of the border. Moreover, P, € R? and

the points P,, B; and B, are are non super— collinear. (The
points (—1,1,0); (1.—1,0) and Gi%) are non collinear.)
Second, we use the equation (13)

tal11h u tanlh vtanhw 1

= = = 1
oL 5, |T0 Wrwer
-1 1 0 1
As
tanlhu tanlhv tanlhw 1 1 tanhu tanhv tanhw 1
7 a 3 Y _z 1 1 2 4
1 -1 o 1| 4 1 -1 0 1
-1 1 0 1 -1 1 0 1
1 tanhu tanhv tanhw 1
_ -] 1 1 2 4| _
T3 1 -1 o 1|~
0 0 0o 2
1 tanhu tanhv tanhw
= E 1 1 2
1 -1 0

= tanhu 4 tanh v — tanhw,

so. the equation of requested extra plane has the equation
tanhu + tanh v — tanhw = 0, (u, v,w) € R3. By Example
1 we can see it on Fig.2. This extra — plane contains P,

~— —~— —~—

because tanh G) + tanh G) — tanh G) =0.
Using Theorem 1.10 (found in [3]) we have that the
extra—plane L(]B,, B,[) is desribed by the equation system

u=0(-3)
{v=16(i;) (-D<t<1
k w=20

So, the extra — line has the equation v = —u and w = 0, and
it is an Euclidean line, too. Clearly, the equation tanhu +
tanh v —tanhw = 0 fulfiils, so, the the extra — plane
contains the the extra—line £(]B;,B,D.

Exercise 3. Let us find the polygonial - type of extra —
plane having the point P,= (1,1,1) and peak — points B; =
(2 ,tanh~1(2tanh 1 — tanh 2),1 ) and B, =
(tanh~'(2tanh 1 —tanh 2),2 , (\——/1)) .
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Solution. Fist we observe that the points #,, B; and B,
are are non super — collinear. (Because, the points
(tanh2,2tanh1 —tanh2,1); (2tanh1 —
tanh2 ,tanh2 ,—1) and (tanh 1,tanh1,tanh 1) are non
collinear.) Second, we use the equation (11)

u v w

u v w 1
tanh1 tanh1 tanh1 1 | — 3
tanh 2 stani iz P 1[=0, (Wy,w) ERC

2tanh1-tanh2 tanh 2 -1 1

is obtained which is the equation of the super — plane
containing the investigated extra—plane.
Computing determinant

u v w 1
tanh 1 tanh1 tanh1 1| — 4.
tanh 2 2tanh1-tanh2 1 1 =

[N

2tanh1-tanh2 tanh 2 -1

(Z(tanh 1)(tanh 2)) —2(tanh1)? — v - (Z(tanh 1)? —
2(tanh 1)(tanh 2)) +w-0—1-(4(tanh 1)?(tanh 2) —
4(tanh 1)3)

we have that the super-plane (containing the investigated
extra—plane) has the equation

u+v=2tanh1, (w.v.w) € R3

(14)

Our universe is an open ,big cube”’of the Multiverse
bordered by six super—planes described by the equations

JLeft’ border:u = -1 , (w.v.w) € R (15)
JRight’border:u=1 , (w.v.w) € R3 (16)
,Before” border: v = -1 , (w.v.w) € R3 a7
JBack”border:v=1 , (u.v.w) € R3 (18)
.Below” border: w = -1 , (u.v.w) € R (19)
And

LUpper” border: w =1 , (w.v.w) € R® (20)

respectively. The universe R3 together its border forms the
,,closed universe”

R3 = ?z(u,v,w)eﬂ\(ﬂ (21)

The equation system (14)-(15) yields v = 2tanh1 + 1 >
1. By (21) we have that |y | <1, soin the ,,left” border there
is no point of the border of the investigated extra—plane. The
equation system (14)-(16) yields that v = 2tanh 1 — 1, and
considering (21) we get the endpoints

Bpetow—right = (L tan"'(2tanh 1 — 1), —1) and
Bupper—right = (Itan"'(2tanh1-1),1) € R3 50 the
super — passage
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L([Bbelow—right'Bupper—right]) =P = (u; v, W) €

u=1
H\l§§| v=tan '(2tanh1 —1)
—D<sw<li

is a part of the border of the investigated extra — plane. The
equation system (14)-(17) yields u = 2tanh 1+ 1 > 1. By
(21) we have that |g | < 1, so in the ,,before” border there is
no point of the border of the investigated extra — plane.
Similarly, the equation system (14)-(18) vyields u =
2tanh 1 —1 so, the super — passage

‘C([Bbelow—back'Bupper—back]) ={P=Wv,w)E€

u=tan"!(2tanh1 —1)
R | v=1
—D<sw<i
is a newer part of the border of the investigated extra —
plane.
Considering the endpoints

Bpetow—pack = (tan~*(2tanh1—1,1,(=1))) € R® ,
Byetow—rignt = (1,tan"*(2tanh 1 —1),(=1)) € R?

by the equation system (14)-(19) gives that
L([Bpetow-back> Bpetow-rignt]) borderes the investigated
extra — plane. Finally, the points

Bupper—pack = (tan"*(2tanh1—1,1,1)) e R?
And
Bupper—rign: = (1,tan"'(2tanh1—1),1) € R3

by the equation system (14)-(20) gives the last part of the
border of of the investigated extra — plane. So, we have that
the the investigated extra — plane is a quadragonal extra —
plane. (We can see it on Fig. 5.)

Observation 1. By Example 2 we can see that the point
P, =(110)€R3 and the super-vector N =

(Ci; Ci; 0) determines the extra — plane

Spo v = {(w,v,w) € R}V = 201 ; (u,v) €
R? and w € R}.

(See Fig.5.) It is easy to see that the point P = (1,1,1) isa
point of Sy 5 and the extra — line

tanh 1-tanh 2 ))
J2(tanh1-tanh2)2+1
tanh 2—tanh 1 ))

J/2(tanh 1-tanh 2)2+1.

u= 15(1’6(
£(B,B,D) =<v = 1@(16(
| — ;
\(/W =10~ Jm) -
(—\/Z(tanh 1 —tanh 2)2 + 1) <1< (JZ(tanh 1—tanh2)2 + 1)
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determined by the border -
((2 tanh 1 — tanh 2), 2, (\—/1)) and
(2tanh 1 — tanh2), 1) is situated on Sy,

Conversely, we will verify that the point = (1,1,1) ¢
L(]B,4,B,[) together with the extra — line £(]B4, B;[)
determine the extra — plane Sp -

First verification. In Exercise 3 we can see that the super
- plane containing the points P, B, and B, had the equation
(14). Hence, the extra — plane has the equation

points B, =
B, = (2,

u+v=2tanh1, (u.v.w) € R3.

Exploding both sides, we have the equation #®v = 201.

Second verification. As P, € L(]B;,B,[) it is sufficient
to show, that the point = (1,1,1) and the extra — line
L(]B;,B,[) determine V. To reach this aim, we consider
the (Euclidean) plane determined by the point P =
(tanh 1,tanh 1, tanh 1) and the (Euclidean) passage

L(]BlfBZ D =

h1-tanh
(g=tanh1+z- tanh1-tanh2

J2(tanh1-tanh2)2+1

tanh 2—tanh 1

Totanhi—tanh 2751 ,—\/Z(tanhl—tanh2)2+1<£<
1

L w=-I J2(tanh 1-tanh 2)2+1
\/Z(tanh 1 —tanh 2)2 + 1.

v=tanhl+4+7t-

N

Clearly, the line determined by the points %, =

(tanh1,tanh 1,0) and P = (tanh 1,tanh 1,tanh 1) iS_aISO
situated on the (Euclidean) plane and its direction vector is
(0,0,1). Considering the vectorial product of

El =
( tanh 1—-tanh 2 tanh 2—tanh 1 1 )
J2(tanh 1-tanh 2)2+1’ \/2(tanh 1-tanh 2)2+1 "  ,/2(tanh 1-tanh 2)2+1

and E,=(0,0,1) is

tanh 2—tanh 1 tanh 2—tanh 1
Foxr, = )

J2(tanh 1-tanh 2)2+1’ /2(tanh 1-tanh 2)2+1’
1
Hence, NV =——"
—  |E1xE;ll
sin 4(E,,E,) > 0.

On the other hand by inner product
1

T e - cosA(ELE). As

(E; X E;). Moreover, ||E; X E|

E1.E2:

1
2(tanh 1-tanh 2)2+1

sin A(El, Ez) = \/1
V2 - (tanh 2—tanh 1)

J2(tanh 1-tanh 2)2+1°
So,

% = (7 70)

and finally we get

N = (@,@,0). Istennek Hala, 2017.aug.14 —

16.58.5z.1.
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Using the notation ]| V|[ = (M) ,V € R we give

Theorem 2. Let be Py = (uy vo,W) ER3, B, =
(up, vy, wy) and By, = (uy, vy, wy) € (R3\ R3)  distinc
points of Multiverse such that they are non super—collinear.
Then the half extra-lines

L(Py,B) = {PERP =

%é@@ﬁ&éﬁﬁ@”&éﬂﬂ”} 0<T<
118, © R -
and

L([Po, By = {? eER3|P =

Po® (06((731 @7’0) @“Bn é?ol[»},o <g<

1B, © 2] )

determines an extra — plane which contains the extra—lines
determined by the point-pairs (P, B;) and (P, B;),
respectively.

Proof. It is easy to see that B, is the border-point of the
half extra-line L([P,, B;[). Similarly, B;, is the border-
point of the half extra—line L([P,, B;;[). By Collection 1,d)
and the non super — collinear points Py, B, and B,
determine the super—plane containing them. Moreover, by
Theorem 1(ii) this super-plane is the holder of the extra-
plane, determined by Py, B, and B;;. So, the extra— lines
determined by the point-pairs (P,, B;) and the (#,, B,;) are
also situated on this extra-plane. (See Property 2 in [2].) On
the other hand exploding the box — phenomenons of the
super-plane and super—lines we get the stated extra—plane
and extra—lines.m

Example 5. Let be given the point P, =0, B, =
(G) (%) 1) and By, = (1,(=1),0) Clearly, they are non
super — collinear. By (22) and (23) the we consider the half
extra-lines

( \
I u=tanh'1é I
L(0,B,D = {| (u,v,w) € R3| vztanh_% % ,where0 <t <
k w=tanh‘1\2/—£)
2 (24)
2
And
u=tanh‘1%
L(0,B,;D ={ (w,v,w) € R3|v=_tanh_1% , Where 0 <
w=0
s <2 (25)

By Theorem 1 (ii) the points O, B; and B,; determine the
extra—plane

u

Y =utv-w=0 ,(wvw)€ER’ (26)
1

~olg
N

orols

1
1
1
1

N
2
[

This extra — plane is seen on the Fig. 2.
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By (62) the extra-line determined by the point-pair
(P,, B,) has the equation — system

.f )
u:tanh_li

V6 V6 V6

QI (u,v,w) € R3| v=tanh_1\/ig ¥ , Where -y <t< 5 27)

_ —12t
w=tanh 7 )

and it is shown in the next figure

Fig. 7

moreover, we can see, that it is situated on the extra —
plane given by (26)

By (25) the extra — line determined by the point-pair
(Py, B;) has the equation — system

u=tanh~ 1>

% 1, where -2 < s < V2 (28)

R h—li
v tan N

(u,v,w) € R3|

w=0

and it is shown on the Fig. 3, moreover, we can see, that it is
situated on the extra—plane given by (26). This extra — plane
is seen on the Fig. 2.

Example 6. Let be given the point P, =

(i’®'0> Py = ((\/%)’1’0) Py = <G)G)i> Clearly,
they are non super — collinear. We consider the extra-lines

given by their endpoints (see Property 3 in [2])

u=tanh'1(1—£)

L(P, P;D) =1 (w,v,w) € R?| v:tanh‘1%2 , where 0<
w=tanh~1¢t
t<1 (29)
And
5 u=tanh~1! %
LAP,, P;D = wv,w) ER?| _ tanh1(1-3) ( where 0 <
w=tanh~1s
s<1 (30)

Having the joint endpoint P; they are extra parallels of
each other. (See Definition 1 in [2].)

By Theorem 1 (iv) the points P,,P, and P; determine
the triangular extra—plane

u v wi
1/2 1/2 11
1 1/201
1/2 1 01

Cowd(Zov)dw =3, (uv,w) € R3. (See (11)) (31)

=2u+2v+w-3=0&
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Its graph having the equation

w =tanh™'(3 — 2tanhu — 2tanhv), where

R?and tanhu + tanhv > 1

(u,v) €

is seen in the following figure

Fig 8.

The peak-points are (1,1, =1),(1,0,1)and (0,1, 1)

By (29)-(31) we can see, that the extra parallels extra-
lines £(P,,P;[) and L(P,, P;[) are in the extra-plane
having the equation
(2 Gu)é(é 6U)@W =3, (wv,w)eR? (32)
Observation 2. We can see that
- two extra lines cutting each other (see (24) and (25))

- two (distinc) extra parallel extra — lines (29) and (30)
determine an extra — plane.

IV. EXTRA PARALLELISM RELATIONS BETWEEN EXTRA-
LINES AND EXTRA-PLANES

Definition 2. Assuming that the extra—line does not situate
on the extra—plane but they have a joint border—point on

R3 \ R3 then they are called extra parallel.

Example 7. The extra-line given by the equation system
(27) (see Fig. 7) and the (triangular) extra—plane represented
by the equation (32) (see Fig.8) are extra parallel. (The joint
border—point is (G) G) i). See Fig. 3.)

In the Euclidean geometry the relation between the lines
and planes is relatively simple:

- They have two joint points. (The line is situated on

the plane.)

- They have one joint points, only. (The line cuts

through the plane.)

- They have no joint points. (They are parallel with

each other.)

As it was already mentioned in the geometry of
Multiverse the situations are similar to the Euclidean
geomety of our universe. (See Collection.1.) But the extra-
geometry of our universe is more complicated: If an extra—
line and an extra — plane.
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- L) have two joint points then the extra—line is situated
on the extra—plane,
- 1) have only one joint points, then the extra-line cuts
through the extra-plane.)
- 1) have no joint points then we three further cases
are possible:
Case a) the extra—line is extra parallel with extra—
plane (see Example 7),
Case b) the holders of exra—line and of extra—plane

have only one joint points outside R,
Case c) the holders of exra—line and of extra—plane
are super parallels. (Their holders have not any
joint point in ]1\%15.)

Definition 3. The extra — line and extra—plane,

- in the of Case b) are called first-type missing

elements of the space R®
- in the of Case c) are called second — type missing

elements of the space R>.
Example 8. The extra-line given by the equation system

{(u, v,w) € ]Rﬂﬁig}, (—1) <t < 1, (this is the ,,w” axis),

W=T

and triangular extra—plane (see Fig. 8), given by (32) are
first-type missing elements of our universe.

Really, the holder of extra — line is the super — line
described by the equation system

u=0
{(u.v.w)elRPIv:o} , TER

w=T

and the holder of extra — plane is the super - plane given by
the equation (32) have their joint point (0,0,3) € R® ,which
is not seen on the the Fig. 8. But, we can catch its sight in an
another universe of the Multiverse, by the super-shift
transformation

(=u
n=v

-v3()

Using this transformation, the super — plane has the
equation

—~—

CZooHe(Zon)®? = G) . (Itis a hexagonal extra-plane
in the new universe.)

Now, the joint point has the new coordinates <§ =0,n=

0,{ = G)) is seen on the next figure:
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Fig. 9

Example 9. Let the extra-line be is the ,,w” axis of the
rectangular Descartes coordinate-system and the extra —
plane given by the equation

PV = 201 < tanhu + tanhv = 2tanh 1, (u,v) € R?,

are second-type missing elements of our universe. It is
sufficient to cast a glance at the Fig. 5.

The following example shows one of essential
characteristic of the extra geometry.

Example 10. The pair of extra-lines

has the following properties
a) They are situated on the same extra — plane
b) They are non-extra parallel extra — lines.
c) They have no joint point.

Verification.

Ad a)
It is easy to see that both extra — lines are situated on the
extra plane described by the equation

u®v=w ,(uv,w)€R (See Fig.5.)

Ad b)
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The border points of L(]B,,B,[) are B, =
(0,(=1),(=1)) and B, = <(§)(§))i and the border
point of L(B,,B;D are B, =

(6).CD.ED) ana 3= (1(-2).()) B
Definition 1 (see in [2]) we can see that £(]B;,B,[) and
L(]B,, B;;) are non extra parallel extra — lines.

Ad c)
In search the joint point we find that the solution of
equation system

is the pair rz(—?) and az(—\\/lg), only. Both

parameters are outside the allowed parameter — domains,
repectively. So, L(B,,B,[)n LB, B, ) #

{ } (empty set).
We remark, that the holders of extra — lines has the joint

point ((—i) (—9,(—2)) ¢ R3.

Observation 3. In the extra geometry there exist evasive
extra - lines such that they are situated on the same extra —
plane.

Definition 4. If the borders of two distinc exra — plane has
a joint super — passage, then they are called extra parallel
extra - planes.

Example 11. The extra — plane given by the equation

u®v=w ,(uv,w)€R? ,(seeFig 2)

and the extra — plane given by the equation

30 (éau) =) (?61}) =w ,(uv,w)E
R3 , (see Fig. 8),

are extra parallel extra — planes. Really, they have the joint
(closed) border super — passage

(u=(£—)é(r§(%j)
4.(=@@(@<%>) (==

w=1

These extra parallel extra — planes are shown on the next
figure
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Fig.10

Their joint border super—passage is invisible on the Fig.

10 because it is situated in the border R3 \ R3. The form of
the (open) border super — passage is visible on Fig. 3. (See
the first quarter of the Descartes—coordinate system.)

Example 12. The quadragonal extra — plane (see (14) and
the result of Exercise 3) given by the equation
u®v=102 ,(w,v)ER? ,weR ,(seeFig.5)
has four extra parallel extra—planes such that each of them
contains the origo.

First extra — plane is given by the equations

udr=1020w ,(uv,w)eR3

Or

_ _q tanh u+tanhv
tanh 2tanh 1
tanhv < 2tanh 1

,—2tanh1 < tanhu +

represented by the next figure

Fig. 11 (hexagonal extra-plane)

The joint (closed) border is a super—passage, a set of
points (u, v, w) € R3 \ R®
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(V2)® (1 2) 1)
Second extra — plane is the given by the equation
ué((?@l)éi)av =0 ,(uv)ER? ,weR.

The joint (closed) border is a super—passage, a set of
points (u,v,w) € R3 \ R3
nei

-1 <t<

Il

q R
Yo
=

Third extra-plane is given by the equation
v (1020w)=0 ,(uv,w)€E RS

The joint (closed) border is a super—passage, a set of
points (u,v,w) € R3 \ R3

[u=18@0(5)
{t” B 6(%/)) (V20 (ig)<r<(V2)o(i51).
w=(=1)

Fourth extra-plane is given by the equation
((?61)51)6u =v ,(u,v) ER® ,weR.

The joint (closed) border is a super—passage, a set of
points (u, v,w) € R3 \ R3

u=1 s
v=(201)61 D<= 1
w=r1

In the Euclidean geometry the relation between he planes
is very simple:

- They have a joint line, only. (The planes cut each

other.)

- They have no joint points. (They are parallel with

each other.)

As it was already mentioned that the geometry of
Multiverse is similar to the Euclidean geometry of our
universe. (See Collection 1.) But the extra-geometry of our
universe is more complicated: If two distinct extra—plane

- A) have an only one joint line then the extra—planes

cut each other,

- B.) have no joint points then we have three further

cases:
Case a) the extra — planes are extra parallel with
each other (see Example 11),
Case B) the holders of extra — planes have only one

joint super —line outside @
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Case y) the holders of extra —planes are super

parallels. and
Definition 5. Extra — planes, 3020w 0O (2ew)=w ,(uv,w) ER?,
- inthe of Case ) are called first — type missing extra
- planes, respectively.
- in the of Case y) are called second — type missing Clearly, these super—planes are non-super-parallel
extra - planes because they have the joint super-line
of our universe. _
Example 13. The extra — planes given by the equations I(u _ (1) D
3
woe(v21)®Ww®1)=1 ,(v,w) €R? (Hexagonal extra- 4 v= (l) ©1, T€ER.
plane) | 3/
=(:
and k W= (3)
wo1)e (v @i) ®(w@2)=1 ,(wv,w) eR? (Pentagonal extra We can see that
plane)
cut each other. N _ wWBr B 1 = ((l) ) T) ) <(l) =) T) Bi= (E)
Really, they have only one joint extra — line a set of 3 3 3

. 3
points (u, v,w) € R And

Jeoe(os) 15(()87)3(0)57)=()

u=10(0 (; L ))

| tanh 2 - tanh%
i~ 1 1 1-tanh1
4 v = TO( h - h ) ’ T 1
| tanh1 tanh 2 tanhz tanh%
b~ 1 1
L W= )

1
1 _ 1 N
tanh% tanh1

On the other hand this super — line is situated in the

tanh% tanh 1

,height” G) so, it is invisible in our universe. The first —

type missing extra — planes are visible on the next figure.
Example 15. The extra—planes given by the equations

ubr®1l=w ,(wvw)eR3

and

udv=w ,(v,w)eR3

are second-type missing extra—planes, because their holders
uBrPl=w ,(u,v,w) € R3

and

udv=w ,@wv,w)eR?,

Fig. 12
are super-parallel super-planes.

Example 14. The extra planes given by the equations

wdvd®i=w ,@wv,w)eR? REFERENCES
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